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A dynamic modeling capability for plate-like structures with integrated strain actuators is developed using
the Rayleigh-Ritz assumed-mode method. The analytical model is utilized to design multi-input, multi-output
(MIMO) controllers for active plate-like test articles. High control authority linear quadratic Gaussian (LQG)
and optimal projection compensators are designed using a control-law development procedure that combines
performance objectives, physical measurements, and LQG design variables in a consistent manner. The control
laws are implemented using a real-time digital-control computer. In addition, a stability robustness guideline is
developed to predict, a priori, the amount of control authority that can be applied to the test articles without
destabilizing high-frequency modes. Closed-loop benchtop experiments are performed to verify the open-loop
analytical model, the stability robustness predictions, and the control-law development procedure; the experiments
demonstrate the ability of integrated strain actuators to effect high-authority MIMO control on flexible plate-like
structures. The results show that considerable disturbance attenuation can be achieved both in the quasi-steady
response and over large bandwidths spanning many flexible modes.

Introduction

FUTURE space vehicle and aircraft performance criteria demand
lightweight flexible structures such as solar arrays, antennas,

mirrors, and lifting surfaces. Structural integrity and mission re-
quirements call for low vibration and load levels. Because of these
conflicting specifications for light weight and high dynamic per-
formance, there exists a need for high-authority, large-bandwidth
control systems. This can be achieved by designing multi-input,
multi-output (MIMO) control laws for active composite structures
with surface-mounted or embedded strain actuators. Distributed
strain actuators, such as piezoceramics, provide a natural and logical
mechanism for effecting distributed multiple actuator control and
for implementing modern model-based control methodologies.

Active structures with integrated actuators have advantages over
inertial (proof-mass) or articulated (aileron) actuators in that they
offer direct control of the strain in the structure. One application
of such a controlled plate-like structure is an active lifting surface
that can be utilized for maneuver enhancement (command follow-
ing), flutter and vibration suppression (plant regulation), and gust
and load alleviation (disturbance rejection). Active lifting surfaces
with distributed strain actuators have advantages over conventional
aileron-controlled wings, which are subject to loss of effectiveness
at high dynamic pressures and limited servomotor bandwidths.

The objective of this paper is to show the ability of strain-actuated
plate-like active structures to effect high-authority, large-bandwidth
control in a benchtop configuration. For this purpose, the dynamic
characteristics of complex strain-actuated composite plate test ar-
ticles are first modeled analytically and then verified experimen-
tally. Next, the analytical model is used to derive high-authority,
large-bandwidth MIMO compensators based on a quadratic cost
function and linear quadratic Gaussian (LQG) optimal control the-
ory. The control schemes then are assessed analytically to deter-
mine their effectiveness based on the closed-loop quadratic cost
index and verified experimentally by bench-top closed-loop testing.
Closed-loop state vs control-cost results are reported to demonstrate
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the significant disturbance attenuation obtainable by applying mod-
ern control techniques to active plate-like structures. Reporting the
closed-loop results in this manner not only shows the performance
achieved, but also displays the control authority used in relation
to the maximum possible and aids in determining the cause of per-
formance limitations. In addition, practical tools needed for predict-
ing, a priori, closed-loop performance limits from open-loop experi-
ments and analytical models (i.e., stability robustness) are developed
and correlated with the actual limits found during closed-loop test-
ing. This work forms the precursor for the active aeroelastic-control
wind-tunnel experiments that will be reported in a future paper.

Experimental Setup
The test articles were constructed at the Massachusetts Institute of

Technology Space Engineering Research Center and are described
in detail elsewhere.1 Figure 1 shows a diagram of the strain-actuated
active-lifting-surface test articles. A 6061 aluminum benchmark ar-
ticle was designed and tested as was a [+302/0].y bending/twist cou-
pled AS4/3501-6 graphite/epoxy (G/E) plate. The test articles had
a thickness-to-chord ratio of approximately 1%, and were clamped
at the root.

The Piezoelectric Products, Inc., G-1195 piezoceramic actuators
were intended not only to provide actuation but also to make up
a substantial portion of the structure itself. Each of the active test
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Fig. 1 Model strain-actuated active lifting-surface test article.
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articles had approximately 70% of each surface covered with the
surface-bonded piezoceramic strain actuators. The 10-mil (0.254-
mm) strain actuators accounted for 31.3 and 52.0% of the aluminum
lifting-surface volume and weight and 30.1 and 62.3% of the G/E
lifting-surface volume and weight, respectively. These piezoceramic
actuators increased spanwise bending stiffness of the aluminum and
G/E plates by 201 and 437%, respectively, over the nominal sub-
structure stiffness. Strength measurements were not obtained, how-
ever; because of their brittle nature, the piezoceramics are not ex-
pected to add strength. Under severe flutter loading and deflections,
the piezoceramic actuators of this test article and others2 did not
debond. Some cracks were observed, but these did not reduce the
piezoceramic actuation effectiveness.2

In addition to the test articles, many other components are re-
quired to perform pontrol experiments. These components, which
include hardware such as sensors, a digital control processor, power
amplifiers, and a disturbance source, are fully described elsewhere.3
The motion of the test articles was measured by three noncontacting
Keyence LB-70 laser displacement sensors. It is acknowledged that
actual lifting surfaces are not able to take advantage of such dis-
placement measurements. However, actual lifting surfaces do have
ample space (not available on the small-scale model lifting surfaces)
for accelerometers, the output of which can be integrated to yield
measurements equivalent to the displacement measurements made
in this study.

A noncontacting magnetic proximity probe was driven as an ac-
tuator to provide a disturbance source in the benchtop configuration.
The magnetic field created by the proximity probe produced a dis-
turbance force on a l-in.-square steel target attached to each test
specimen. This disturbance force was applied at the quarter chord
to simulate forces similar to those that will be encountered during
wind-tunnel testing. The steel target was placed at approximately
the quarter span because at this location the disturbance source was
found to excite the test articles most effectively.

Analytical Modeling
Lifting-Surface Structural Model

A detailed model is essential for implementing high-authority,
large-bandwidth control systems. Accurate knowledge of the sys-
tem poles and zeros is required to develop effective control schemes.
To achieve such a high-fidelity model, both the active test articles
(the plant) and the additional mass and stiffness of the signal and
power conditioning circuitry are modeled analytically. An identifi-
cation model could be used for control, but these models tend not
to be physically based and do not provide as much insight into the
physical problem as an analytical model. In addition, the current
test article is a basic structure that lends itself well to analytical
modeling.

The active test articles with surface-mounted strain actuators are
modeled as integrated components of a composite structure. By
modeling the substructure, piezoceramic actuators, and epoxy layers
as plies of a laminated plate, the appropriate strain-energy relations
can be derived using Kirchoff plate assumptions.1'4'5

The Rayleigh-Ritz assumed-mode method is used to formu-
late the lifting-surface equations of motion from the strain-energy
relations.6 It has been observed through structural modeling experi-
ence that Ritz models are better suited than finite element models for
correctly identifying not only the natural frequencies7 but also the
system transmission zeros and individual actuator/sensor transfer-
function zeros. However, obtaining accurate results requires that a
well-chosen set of assumed modes be used, and for a more compli-
cated test article, a finite element model would be required.

Twenty assumed modes are utilized. The 20 modes include 5
spanwise beam bending (B), 4 spanwise torsional (T), 2 chordwise
bending (C), and 4 extensional (E), as well as 2 static and 3 seg-
mented modes. The spanwise bending modes, which have assumed
constant chordwise distribution, are found from the exact solution
of a cantilever-free beam.8 The spanwise torsional modes are calcu-
lated by performing a torsion partial Ritz analysis (assumed linear
chordwise distribution), to include root warping stiffness effects.9
The chordwise bending modes are the exact solution of a free-free
beam with a quadratic spanwise distribution.

In addition to the usual dynamic mode shapes, modes are assumed
that are not associated with the solution of any eigenvalue problem.
A quadratic spanwise static and a quadratic chordwise static as-
sumed mode are included to model the strain energy associated
with a constant distributed bending moment. Also, two segmented
spanwise modes and one segmented chordwise mode are assumed
to correctly model the strain energy stored in the aluminum or G/E
test-article substructure at the relatively soft locations in the gaps be-
tween the piezoceramics. Segmented assumed modes have nonzero
curvature in areas that do not contain piezoceramics and zero curva-
ture in areas that do. The spanwise x distributions of the chordwise
static and segmented modes are calculated from a chamber partial
Ritz analysis (assumed quadratic chordwise distribution) similar
to that used to calculate the spanwise distribution of the torsional
modes. Inclusion of the static and segmented modes, as well as per-
forming the partial Ritz analysis, is essential for correctly predict-
ing the system poles, transmission zeros, and steady-state transfer-
function magnitudes. Finally, two spanwise and two chordwise in-
plane modes are also included to allow for extensional actuation.

Note that the assumed mode shapes (i.e., 1-11, 13, 16, 17, and
19), which are dependent on plate structural stiffnesses, are calcu-
lated using uniform averaged properties. The stiffness properties are
averaged by weighting the stiffness of each section of the plate (sub-
structure with piezoceramic, nongrooved substructure, and grooved
substructure) by the area of the section relative to the total plate
area. Further Ritz analysis details can be found elsewhere.3

The Rayleigh-Ritz analysis method combines the plate strain-
energy relations and the assumed modes to calculate the plate equa-
tions of motion. This analysis yields the modal mass Af, stiffness K,
and piezoelectric FA and disturbance Fd forcing matrices10

(1)

The generalized displacements q in Eq. (1) are related to the in- and
out-of-plane displacements through the assumed-mode shapes &,
which are functions of both the spanwise x and the chordwise y
coordinates.

The experimentally measured and analytically predicted pole fre-
quencies of the test articles are listed in Table 1. The Ritz predictions
were within 5 and 9% of the experimentally measured values in the
control bandwidth (200 Hz) for the aluminum and G/E plates, re-
spectively. Note that the analysis method had the greatest difficulty
in predicting the aluminum test article chordwise bending natural
frequency (1C), due to sensitivity of this plate to the change in
stiffness caused by the power bus grooves. In contrast, observe the
nominal chordwise bending frequency error for the G/E plate whose
stiffness sensitivity was much lower.

In addition to the relatively small error in the predicted and mea-
sured natural frequencies, the Ritz analysis also was able to accu-
rately compute the modal residues such that the static response was
correctly predicted and the I/O transfer function omitted no zeros
and correctly ordered the poles and zeros. For example, the pre-
dicted frequencies of the first two zeros of the transfer function of
the disturbance to the leading-edge sensor (y\/d) (see Fig. 3) were
predicted within 7 and 5% of the experimental values, respectively.
This accuracy was typical of the results obtained and sufficient for
designing high-authority control laws.

Table 1 Experimentally measured and analytically predicted
test-article natural vibration frequencies and dominant mode shapes

Al Plate G/E Plate
Mode
IB
IT
2B
2T
3B/1C
1C/3B
3T
4B
4T

Exp., Hz

7.44
36.6
49.5
117
143
204
223
283
370

Ritz, Hz

7.79
36.0
50.4
122
149
185
235
298
390

% Error

4.7
-1.6

1.8
4.3
4.2

-9.3
5.4
5.3
5.4

Exp., Hz

6.88
35.3
47.8
114
138
166
215
282
353

Ritz, Hz

7.44
35.3
49.0
124
145
161
242
306
405

% Error

8.1
0.0
2.5
8.8
5.1

-3.0
12.6
8.5

14.7
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In general, the Ritz model predicted the poles of the lifting surface
with the aluminum substructure with greater accuracy than the G/E
substructure because of difficulties in obtaining accurate estimates
of the stiffness properties of thin laminated G/E structures. The
anisotropic stiffness properties of the G/E substructure caused both
the natural vibration mode shapes and dominant mode order to differ
from that of the aluminum plate.

The model was refined further by updating the damping ratio
f/ and natural frequencies <y/ using experimental frequency re-
sponse data. Incorporation of the experimental data into the ana-
lytical model was facilitated by mapping the system of Eq. (1) to
modal coordinates, using the eigenvectors of the Ritz model. The
measured damping f (estimated on the basis of the half-power band-
width technique) was added to the modal system, and the stiffness
matrix was updated using the experimentally measured frequencies
and the original eigenvectors.

Including the experimentally determined damping estimates in
the model proved extremely important for compensator design be-
cause this quantity directly affects the dynamic amplification of each
mode, and therefore the plant/compensator loop gain and degree of
notching required by the compensator in the rolloff region. In con-
trast, it was found that controllers designed from models with the
experimentally updated stiffness matrices achieved no better per-
formance than those designed from the analytically predicted Ritz
stiffness.

Full-Order Analytical Model
The plant model of any controlled system must be augmented to

include the dynamics of sensors, actuators, and any other electronic
components in the feedback path such as antialiasing filters and am-
plifiers. A block diagram of the system components to be modeled is
shown in Fig. 2. The full plant system had 73 states; 40 of the states
were associated with the 20 structural modes. The remaining states
resulted from the dynamics of three optical sensors (each modeled
with 1 pole at 700 Hz) and antialiasing filters (modeled with 2 poles
at 1000 Hz for each of the 3 sensor outputs, and 2 poles at 2500 Hz
for each of the 12 control inputs). This large-order evaluation model
was used to calculate the open- and closed-loop disturbance trans-
fer functions and to evaluate the stability and performance of the
control laws designed. The dynamics of this large-order open-loop
system can be described in either the state-space representation

x = Ax + Bu + Ld y =

or the transfer function representation

y = CGc(s)u Gc = C(sl -

= CGd(s}d = C(sI-A)-lL

(2)

(3)

Model Order Reduction
The 73-state evaluation model was reduced to a lower-order de-

sign model using balanced model truncation.11 The states associated
with the Hankel singular values greater than 0.1% of the maximum
singular value are retained in the model. The steady-state compo-
nents of the discarded states also are retained in the model.

This procedure reduced the 73-state evaluation model to a 22-state
design model. It was found that the disturbance-to-sensor output
(y/d) and control-input-to-sensor-output (y/u) transfer functions
of the design model were nearly identical to those of the evaluation
model in the evaluation bandwidth (500 Hz). Further, it was found
that increasing the order of the design model had no effect on the
designed controllers or their performance.

Compensator Plant

Fig. 2 Block diagram of the experimental system including the lifting
surface (Ap,Bp, Cp, and Lp)9 compensator (Ac, K, and F), disturbance
(d), and measurement noise (0).

Control-Law Synthesis
The first step necessary in designing control laws for particular

systems is to define the performance objectives and metrics for the
controlled systems. The dynamic aeroelastic-control performance
objectives of greatest interest include flutter suppression, vibration
suppression, and gust alleviation. In terms of control system design,
these issues translate into those of stability, plant regulation, and
disturbance rejection, respectively. Because a well-regulated plant
automatically carries the properties of guaranteed stability and good
disturbance rejection, the control problem reduces to first designing
control laws so that the plant is well regulated.

LQG Compensator Design
The LQG compensator contains dual halves: a linear quadratic

regulator (LQR) full-state feedback compensator and a Kalman filter
estimator. The state cost for the LQR compensator was chosen as
the sum of the output y rms response squared. Similarly, the control
cost was chosen to be the sum of the control u rms response squared.
The total cost J was therefore

/

oo /»oo

[yTy + puTu] dt = [xTQx + puTRu\ dt
Jo (4)

R=I/u 2
max

where p is the relative state to control weighting design parameter.
The scaled outputs y and inputs u were calculated by normaliz-
ing the physical outputs and inputs by their maximum values. The
maximum outputs jmax were estimated on the basis of maximum
expected sensor outputs caused by the disturbance source (6.35 V).
The maximum control inputs Mmax were taken to be those that could
be generated by the control computer (± 10 V), because the amplifier
gains (fixed at 20 to generate a maximum of ±200 V) were already
included in the system model.

The Kalman-filter half of the problem was set up by defining dis-
turbance and sensor noise covariance matrices based on laboratory
measurements of the disturbance source intensity and the accuracy
of the laser displacement sensors. Such measurements are useful
starting points for determining the intensities of the disturbance and
measurement noise covariance matrices. However, in reality the in-
tensities of these stochastic processes, which do not actually have
zero means or white frequency distributions, are not known. Thus,
these intensity matrices are used as design tools in a manner similar
to the control weighting p. In this study, the disturbance intensity
was normalized by its maximum value and fixed at unity because the
disturbance signal used in the experiments was always the maximum
value.

The measurement noise intensity was computed on the basis of
sensor accuracy and the maximum expected sensor outputs. This
normalized value was found to be 0.3%. However, to provide stabil-
ity robustness to unmodeled and mismodeled plant dynamics, the
intensity of the measurement noise was assumed to be an order of
magnitude greater and was assumed to vary from this nominal value.
Thus, the measurement noise was used as a free parameter in the
Kalman filter design.

In state-space form, the compensator dynamics are

x = Acx + Ke u=Fx (5)

where the error signal e is equal to the command r minus the sum
of the output y and the measurement noise 0. The model-based
compensator dynamics are described by

AC=A-BF- (6)

The reader is referred to Lazarus3 for compensator design details,
including numerical values of the intensity matrices and the resulting
compensator gains, poles, and transmission zeros.

Because of a tradeoff between the number of control outputs and
the speed at which these outputs could be generated, three actuation
groups were created from the piezoceramic wafers. The three groups
were formed by first pairing each of the piezoceramics on opposite
sides of the neutral axis, thus creating individual bending actuator
pairs. One actuator group was then formed from the five actuator
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pairs nearest the leading edge of the lifting surface (MI), the second
group of the five actuator pairs centered at the midchord (u2), and the
third group of the five actuator pairs near the trailing edge (w3). These
actuators were used in all control designs. All three of the laser dis-
placement sensors were utilized in all of the experiments performed.

Controller Order Reduction
To facilitate implementation on the real-time control computer,

the 22nd-order LQG compensators were reduced to 14th-order com-
pensators, using the ordered Hankel singular value procedure de-
scribed previously. As an alternative design procedure, reduced
14-state compensators were computed directly from the design
model using a fixed-architecture optimal projection gradient search
technique.12 Optimal projection designs differ from the two-step
(design and reduce) process in that the compensators are designed
with the model order incorporated in the equations. The optimal
projection compensators were compared to the reduced-order LQG
compensators for the purpose of assessing the effect of ad hoc re-
duction of compensators.

The equations describing the reduced-order LQG or optimally
projected compensators could be expressed in the state-space form

30.00

x = Accx + Kce u = Fcx+Dce

or the transfer-function form

u = K(S)e K(s)=Fc(sI-AccTlKc+Dc

(7)

(8)

where Acc contains the reduced-order compensator dynamics and
Dc is a compensator feed-through term that results from the reduc-
tion process. Note that the additional subscript c differentiates the
reduced-order compensators [Eqs. (7) and (8)] from the original
designs [Eqs. (5) and (6)].

Analytical and Experimental Results
The ability of the procedure described to derive effective con-

trollers for the active test articles was determined through closed-
loop benchtop testing and numerical simulation. The compen-
sators were evaluated analytically for stability and performance,
using the 73-state evaluation model. Performance was evaluated by
comparing the experimentally measured and analytically predicted
closed-loop disturbance attenuation to the open-loop output Gd(s)
described by Eq. (3). The closed-loop dynamic response was calcu-
lated using the state-space representation

A-BDCC -

(9)

Performance also was assessed by comparing the experimentally
measured and analytically predicted state cost vs control cost of
each controller. The closed-loop state cost is directly related to the
rms response of the outputs, and measures the performance of each
control design. Similarly, the control cost is directly related to the
rms response of the control inputs and is a measure of the amount
of control used. By solving the Lyapunov equation associated with
the closed-loop system,

A - BDCC -BFCKCC ACC
L -BDC "I [" d "1

*c \[Q\
(10)

the state and control costs can be found directly from the covariance
matrices

State cost = Trace(Q£[**T])

Control cost = (l/p)Trace(G/T1GrE[xxT])
(U)

Performance Results
The frequency response of the open- vs closed-loop analytical

and experimental disturbance to leading-edge sensor (y\/d) transfer

10
Frequency (Hi.)

100

30.00

20.00 -

10
Frequency (Hz.)

100

Fig. 3 Analytical and experimental open- and closed-loop frequency
response of the aluminum test article for a LQG compensator designed
with p = 10~2 and the sensor noise estimated at 3%.

functions are displayed in Figs. 3 and 4 for the aluminum and G/E
test articles, respectively. Notice the good agreement between the
analytical model and the experimental results. The agreement be-
tween the model and the experiment indicates that the dynamics of
the other system components (such as sensor rolloff and filter dy-
namics) were modeled correctly. Further, the excellent closed-loop
performance validates the compensator design, order reduction, and
digital implementation methods utilized.

Figures 3 and 4, which display the tip displacement attributable
to a broadband (500 Hz) excitation from the magnetic probe, illus-
trate the high-authority, large-bandwidth nature of these controller
designs. Significant amounts of damping were introduced into the
first four structural modes by these control designs (p = 10~2) with-
out destabilizing any high-frequency modes. For both test articles,
the magnitude of the closed-loop frequency response was reduced
from that of the open-loop system (which had an estimated 1.5%
structural damping in each mode) by approximately 30,10, 20, and
10 dB in the first four modes, respectively. Comparison of Figs. 3
and 4 shows the increased torsional (second and fourth modes) con-
trol authority of the bending/twist coupled G/E plate; however, this
additional torsional control was not as pronounced as expected in
the benchtop tests. In addition to reducing the steady-state response
by approximately 10 dB, note that the controller has succeeded in
completely eliminating the resonant behavior of the first structural
mode in both test articles. These results demonstrate that strain ac-
tuation, which provides direct control of the strain in the structure,
can be used to implement high-authority control designs.

Stability Robustness
Transfer functions, such as those in Figs. 3 and 4, show the abil-

ity of strain actuation to effect significant amounts of disturbance
attenuation, but offer no information with regard to the amount of
control authority used or the amount that can be applied to the
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Fig. 4 Analytical and experimental open- and closed-loop frequency
response of the G/E test article for a LQG compensator designed with
p = 10~2 and the sensor noise estimated at 3%.

system before errors in the analytical model cause instabilities. For
this purpose, a stability robustness test is needed that can predict the
control authority that can be applied successfully to the system. Un-
fortunately, most currently employed stability robustness tests are
overly conservative. One stability robustness test requires the max-
imum singular value of the closed-loop control transfer function
owfC(5)] to be less than the reciprocal of the maximum singular
value of the multiplicative model error l/<7max[A(»] acting at the
plant output13:

1

(12)

where

where T(s) is the loop transfer function (with the loop broken
at the sensor outputs). The actual model error is computed using
the evaluation-model-calculated Gc(s) and the experimentally mea-
sured Gc(s)exp control transfer function [Eq. (3)] matrices. This ro-
bustness test guarantees stability.

Unfortunately, this method yields overly large error maximum
singular values and an extremely conservative stability robustness
test. The conservatism of this nominal test is illustrated in Fig. 5,
which shows the maximum singular values of the closed-loop
control transfer function crmsai[C(s)] and the inverse error matrix
l/<w[A(s)] for the aluminum test article. Note that the test is
violated (predicting instabilities) over the entire evaluation band-
width for a compensator designed with a control weighting p — 1,

•50.00

1 10 100
Frequency (Bk.)

Fig. 5 Closed-loop C(s) maximum singular values and the reciprocal
of the error A(s) maximum singular value for the aluminum plate with
a LQG compensator designed with p = 1 and the sensor noise estimated
at 3%. The plot shows the inability of the nominal robustness test to
predict stability.

two orders of magnitude greater (i.e., producing much lower control
gain) than that of the stable high-performance compensator depicted
in Fig. 3. Obviously, this nominal test is very conservative and not
a useful tool for predicting the amount of control effort that can be
utilized before instabilities are encountered.

Motivated by the deficiencies of this nominal method, a stability
robustness guideline was derived to develop a more realistic es-
timate of the maximum control effort that can be utilized before
such instabilities occur. This guideline is derived on the basis of
the small-gain theorem, as is the test described above.14 However,
rather than break the loop transfer function at the sensor outputs
[as in Eq. (10)], a singular value decomposition is performed on
the plant control transfer function, Gc(s) = £7E V, and a new loop
transfer function Ts is found by breaking the loop at the output of
the plant singular values S. A new closed-loop transfer function
matrix Cs is then formed and compared to the error As, which
is found from the calculated and experimentally measured singular
values.

Because the error As is calculated from the singular values, the
error matrix is made up of only diagonal terms, each of which is
essentially a measure of the percent error in the particular singular
value. This method disregards any difference between the analytical
and experimental unitary matrices, U(s) and V(s), in the formulation
of the multiplicative error. However, because the stability robustness
guideline is derived from the small-gain theorem, which does not
consider directional information, disregarding the directional infor-
mation contained in the unitary matrices is considered consistent and
leads to a modified stability robustness guideline useful for actual
controlled flexible structures:

1

(13)

where Gc(s) = U(s)S(s)V(s) and T^(s) = V(s)K(s)U(s)S(s).
This stability robustness guideline carries no guarantee of stability

(in contrast with the nominal conservative test) but was found to be
accurate at predicting robustness to model errors. This guideline was
applied to the strain-actuated flexible structures used in this study.
Example results are plotted in Figs. 6 and 7 for the aluminum and G/E
plates, respectively. In the region where control is being effected, the
control law utilizes directional (phase) information to maintain sta-
bility even when the small-gain theorem is violated. However, in the
rolloff region (above 120 Hz), the compensator uses gain notching
to avoid destabilizing higher modes, as shown in Fig. 8, and makes
no use of any directional information. It is in this rolloff region that
any violation of the robustness guideline will cause an instability.
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Fig. 6 Closed-loop control transfer function Cs(s) maximum singular
value and the reciprocal of the error A^Cs) maximum singular value
for the aluminum plate with an LQG compensator designed with p =
10°, and 10~2, and the sensor noise estimated at 3%. The plot shows the
ability of the modified robustness test to predict stability.

30.00

10 100
Frequency (Hz.)

1 10 100
Frequency (Hz.)

Fig. 7 Closed-loop control transfer function Cs(s) maximum singular
value and the reciprocal of the error AS(S) maximum singular value
for the G/E plate with an LQG compensator designed with p = 10° and
10~2, and the sensor noise estimated at 3%. The plot shows the ability
of the modified robustness test to predict stability.

Figures 6 and 7 clearly show that the new guideline predicts sta-
bility for the p = I compensator design {the maximum singular
values of the closed-loop transfer function crmax[C(s)] do not pen-
etrate through the inverse of the error maximum singular values
l/^maxtACs)] in the controller rolloff region}. In contrast, the con-
servative stability robustness test (Fig. 5) predicts that instabilities
will occur {o-max[C(»] penetrates and extends above l/ormax[A(s)]
in the rolloff region}. Note that this compensator design was found
experimentally to be stable.

As the relative control weighting is decreased and the control de-
signs utilize higher gains, the maximum singular value of the closed-
loop transfer function crmax[C(s)] increases and moves closer to the
reciprocal of the maximum singular value of the error l/o-max[A(s)]
in the rolloff region. The plots indicate that model errors, even if
relatively small, will eventually cause instabilities as the gain in-
creases. These instabilities can be attributed to notches found in the
rolloff region of LQG compensators, which become sharper and
deeper as the gain is increased, and eventually miss the targeted
mode.

For a control weight of p = 10~2, the two curves are very close
in the rolloff region, indicating that the amount of control used is
very close to causing an instability. It was found experimentally
that controllers with relative control weights greater than or equal
to 10~2 were stable, whereas those designed with control weights
less than 10~2 were unstable for both test articles, demonstrating
the usefulness of this stability robustness guideline.

Performance Robustness Correlation
The performance robustness can be gauged by plotting the analy-

tically predicted and experimentally measured closed-loop state cost
vs control cost normalized by the open-loop state cost. Cost curves

40.00

1 10 100
Frequency (Hx.)

Fig. 8 Typical compensator maximum singular value plot. The graph
shows the high gain of the control bandwidth and notching that occurs
in the rolloff region.

for the compensators designed with an assumed measurement noise
of 3% are plotted in Fig. 9 for the aluminum test article. Analyt-
ically predicted cost curves are shown in Fig. 9 for design-model
LQG, reduced-order LQG, and optimal projection compensators.
The figure shows that the reduced-order LQG compensators devi-
ated from the design-model compensators only for those designs
with very high control gains (p = 10~3 and 10~4). The reduced-
order LQG and optimal-projection experimentally measured cost
curves are compared to the analytical results in Fig. 9. Note that
the two experimental compensator cost curves provide the same
disturbance attenuation performance and that these results compare
favorably to those predicted analytically.
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Fig. 9 Analytical and experimental state vs control closed-loop cost
curves for the aluminum test-article compensators designed for a sensor
noise estimate of 3%.

It was determined analytically that the high-gain stable reduced-
order compensator (relative state-to-control cost weighting p =
le"3) decreased the state costby 97.2% (83.4% rms)or31.2dB (15.6
dB rms) for the aluminum-plate test article. However, model errors
prevented such performance from being achieved experimentally.
As seen in Fig. 9, the best controller implemented (p = 10~2) was
analytically predicted to decrease the state cost by 97.1% (83.1%
rms) or 30.9 dB (15.4 dB rms). It was found experimentally that this
controller actually reduced the state cost by 96.3% (80.8% rms) or
28.7 dB (14.3 dB rms). Similar results were found for the G/E test
article.3

The cost curves showed that reducing the order of the compen-
sator had essentially no effect on controller performance, and the
compensators designed using optimal projection performed no bet-
ter that those derived from the design model and then reduced. Ad-
ditionally, it was observed that increasing the order (above 14 states)
of the compensators implemented had no effect on closed-loop per-
formance. Therefore, all experimental instabilities were attributed
to model errors, predicted by the new stability robustness guideline,
rather than model or compensator order reduction.

Conclusions
A dynamic modeling capability for plate-like structures with in-

tegrated strain actuators was developed using the Rayleigh-Ritz
assumed-mode method. It was found that by carefully selecting the
assumed modes and incorporating experimentally measured damp-
ing estimates, a model of sufficient fidelity for designing high-
authority compensators could be obtained.

A control-law development procedure was established that uti-
lized performance measurements and LQG design variables in a
consistent manner to design high-authority multivariable compen-
sators. A model order-reduction procedure also was developed to
implement the controllers on a real-time digital computer. Further, a

stability robustness guideline was determined that aided in predict-
ing, a priori, the amount of control authority that could be applied
to the system without destabilizing high-frequency modes.

Closed-loop benchtop experiments validated the modeling and
control-law development procedures, and demonstrated the ability
of integrated strain actuators to effect high-authority multivariable
control on flexible plate-like structures. The results showed that
considerable disturbance attenuation could be achieved throughout
large bandwidths containing several flexible modes. The controllers
implemented reduced the quasisteady response by over 10 dB and
the response of the first flexible mode by over 30 dB. These high-
performance controllers decreased the rms response of the system
by more than 83%.
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